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Scalar, eddy viscosity models are widely used for predicting engineering turbulent flows.
System rotation, or streamline curvature, can enhance or reduce the intensity of turbu-
lence. Methods to incorporate the effects of rotation and streamline curvature consist of
introducing parametric variation of model coefficients, such that either the growth rate of
turbulent energy is altered; or such that the equilibrium solution bifurcates from healthy
to decaying solution branches. For general use, parameters must be developed in coordi-
nate invariant forms. Effects of rotation and of curvature can be unified by introducing
the convective derivative of the rate of strain eigenvectors as their measure.
[DOI: 10.1115/1.4004150]
1 Introduction
This review is motivated by the recent revival of interest in
incorporating the influences of rotation and streamline curvature
into turbulence models that are designed for practical computa-
tional fluid dynamics. Early work on this topic was formulated for
nearly parallel shear flows [1,2]. Current interest is in formula-
tions for general flows.
Practical turbulence closure models are based on transport equa-
tions for scalar variables, be they k, e, x, T or other representative
Reynolds averaged properties of the turbulent fluctuations. By their
nature, scalar models do not respond appropriately to system rota-
tion or to streamline curvature: these have their effect on individual
components of the Reynolds stress tensor. A scalar formula does
not distinguish components of Reynolds stress, so the correct phe-
nomenology is not inherent in a scalar representation.
Rotation can suppress or enhance turbulence, in consequence of
centrifugal acceleration in the radial direction, outward from the
center of curvature. The influence in a particular direction is why
a scalar model will not naturally capture such an effect. Centrifu-
gal acceleration appears in the equations of individual Reynolds
stress components but not of the overall energy.
But scalar models, especially variants of the k-e and k-x mod-
els, are workhorses of applied CFD [3]. The scalar variables are
used to construct an eddy viscosity for mean flow prediction. How
can such models be sensitized to rotation? The following reviews
some primary concepts; it is not a bibliographic review.
2 Phenomonology
The basic phenomenon of streamline curvature is that convex
curvature reduces turbulent intensity and concave curvature
enhances it. The term “convex” refers to a boundary layer along a
wall with the center of curvature inside the surface; e.g., the out-
side of a circular arc. The boundary layer profile is a velocity that
increases radially outward from the center of curvature. A con-
cave wall curves oppositely, and the velocity increases toward the
center of curvature.
To characterize the effect of curvature on a shear flow, two sorts
of rotation must be considered. Firstly, as the flow proceeds along a
streamline over a curved wall, the direction of the velocity vector
rotates. Secondly, fluid elements within a shear flow also rotate: they
rotate clockwise if dU=dy > 0. The effect of curvature on turbulence
is determined by these two direction of rotation: along a convex wall,
the velocity vector rotates in the same direction as fluid elements;
along a concave wall the rotations are in opposite directions. Co-rota-
tion suppresses turbulence, counter-rotation enhances it.
An analogy exists between system rotation and streamline cur-
vature. Think of an apparatus on a turntable. A shear flow is estab-
lished in the rotating frame. If the geometry is rotating in the same
direction as the shear, turbulent intensity is reduced by rotation, if
they are opposite turbulent intensity increases.
Consider some examples. First, a simple, uniform shear,
U ¼ ydyU where dyU is a constant. Without rotation, turbulent ki-
netic energy, k, is produced by the mean shear and k grows with
time. Rotation either can enhance or reduce the growth rate,
depending on whether it is against or with the shear. This is illus-
trated by Fig. 1 [4]. The squares show the evolution of k in non-
rotating flow: note that the energy grows with time; rotation will
increase or decrease that growth rate. The circles are for rotation
against the shear; growth is enhanced. The triangles are for rota-
tion with the shear, which reduces growth.
Another, commonly cited example is rotating plane channel
flow [5,6,7]. The direction of shear next to one wall is opposite to
that next to the other wall; so, if the channel is rotated the effect
will be to enhance turbulence next to one wall and reduce it next
to the other. The flow develops an asymmetry, as in Fig. 2. Here
the shear next to the upper wall rotates fluid elements in the direc-
tion opposite to the frame rotation; this is the unstable side. The
surface shear stress is increased on the unstable side; on the stable
wall the stress drops: see Fig. 3. This effect would not be captured
by native scalar, eddy viscosity models models: they are insensi-
tive to rotation, and predict the flow to remain symmetric about
the channel centerline.
Other, fundamental examples appear in the literature. Effects of
curvature are seen in a U-shaped channel, where the inner wall is
convex and the outer wall is concave [8]. The vortex street down-
stream of a circular cylinder in a rotating apparatus becomes asym-
metric, as the vortices either co-rotate or counter-rotate with the
reference frame [9]. Similarly, separation bubbles elongate with co-
rotation because of the reduction of turbulent mixing and shrink
under counter rotation. Benchmark data on this phenomenon have
been obtained in flow over a backward facing step [10,11] and in a
serpentine duct [12]. Other examples can be found in [13].
A simple stability argument illustrates the concept. Set the x
derivatives to zero in the equations for a linear perturbation of ho-
mogeneous shear, U ¼ ydyU. In a rotating frame Coriolis acceler-
ation is included, and the equations are
du
dt
¼ 2XFv dyUv
dv
dt
¼ 2XFu
(1)
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The pressure drops out because the disturbance is elongated in the
streamwise direction; @x ¼ 0. Combining Eq. (1) and defining the
rotation parameter
Ro ¼ 2XF=dyU (2)
gives
d2u
dt2
¼ RoðRoþ 1ÞdyU2u (3)
The general solution is u ¼ expð6 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃRoðRoþ 1Þp dyUtÞ. So if
1 < Ro < 0 the exponent is real and one solution grows expo-
nentially in time. If Ro¼ 0 or  1 the solution is u ¼ u0 þ _u0t,
which suggests that the solution is still growing, although no lon-
ger exponentially; indeed, Ro¼ 0 is (homogeneous) shear without
rotation, for which the turbulent energy does grow.
Figure 1 shows the evolution of turbulent kinetic energy with
time for unstable (Ro ¼ 1;1=2; 0) and stable cases
(Ro ¼ 3=2; 1=2). In the unstable cases, energy grows with time;
in the stable cases it decays. The most rapid growth is for
Ro  1=2.
The range of growing turbulence is a bit wider than 1 < Ro
< 0; say, Ros2 < Ro < Ros1 where Ros2 and Ros1 are empirical, but
not far from  1 and 0. Stabilization when Ro > Ros1 corresponds to
turbulence being suppressed by frame rotation in the same direction
as the shear. Rotation against the shear Ro < 0 is initially destabiliz-
ing, but if it is sufficiently strong, Ro < Ros2, it becomes stabilizing.
The factor of RoðRoþ 1Þ gives maximum growth at
Ro ¼ 1=2, consistent with Fig. 1; but it gives a growth rate that
is symmetric about Ro ¼ 1=2, which is not correct; growth rates
at Ro¼ 0 and Ro ¼ 1 differ. Ignoring pressure and viscosity in
(1) is overly simplistic; nevertheless, some quick insights do
accrue from the present analysis. Reformulated as Reynolds stress
evolution equations, (1) becomes
1
2
du2
ds
¼ uvðRoþ 1Þ
1
2
dv2
ds
¼ uvRo
duv
ds
¼ v2 þ Ro u2  v2
 
(4)
where s ¼ dyUt. These equations show that rotation does not
directly affect the growth of kinetic energy (cf., u2 þ v2) and that
rotation creates anisotropy (cf., u2  v2). Anisotropy affects the
shear stress, and thereby alters the production of turbulent energy,
k. The dilemma of two-equation closure modeling is that the
effect of Ro on k is indirect.
3 Equilibria of the K and e Equations
Analysis of moving equilibria is a key method in turbulence
modeling. Consider the standard k-e equations in homogeneous
turbulence:
dk
dt
¼ P  e
de
dt
¼ Ce1P  Ce2P
T
(5)
where T ¼ k=e is the turbulent time-scale and
P ¼ uiujSji (6)
is the rate of energy production. Sji is the rate of strain tensor [see
Eq. (23)].
Following [14], Eq. (5) can be combined into
d
dt
e
k
 
¼ e
k
 2
Ce1  1ð Þ Pe  Ce2  1ð Þ
 
(7)
This describes two equilibria, obtained by setting dtðe=kÞ ¼ 0 on
the left side; they are
branch 1:
P
e
¼ Ce2  1
Ce1  1 (8a)
and
branch 2:
e
k
¼ 0 (8b)
With standard values of Ce2 ¼ 1:92 and Ce1 ¼ 1:44, P=e ¼ 2:1 on
branch 1; or sometimes Ce2 is equated to 1.85 giving P=e ¼ 1:9.
In general, the constants give P=e > 1 and the k grows with time.
Fig. 1 Evolution of k with time for *, Ro ¼ 1=2; ;Ro ¼ 0;
D;Ro ¼ 1;};Ro ¼ 3=2;$;Ro ¼ 1=2. The symbols are from
DNS, the curves from rapid distortion theory. From Ref. [4].
Fig. 2 Turbulent kinetic energy and mean flow for rotating
channel; curves for three rotation rates. From Ref. [5]
Fig. 3
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The equilibria (8) can be called the “healthy” and “decaying”
solutions. On the healthy branch (8a) turbulent energy grows expo-
nentially in time. Equation (5) have a solution of the form [3,14]
branch 1: k ¼ k1ekt; e ¼ e1ekt (9)
The subscript1 denotes the equilibrium value, following any initial
transients. Substituting these and expression (8a) into Eq. (5) gives
k ¼ Ce2  Ce1
Ce1  1
e
k
 
1
(10)
A constitutive model is needed to close (6). The eddy viscosity
constitutive model is
uiuj ¼ 2TSij þ 2=3 dijk (11)
With this, the rate of energy production becomes
P ¼ 2T jSj2 (12)
where jSj2 ¼ SijSji. (Incompressibility, Skk ¼ 0, is assumed.) The
k-e eddy viscosity is T ¼ Clk2=e. Hence
P
e
¼ 2CljSj2 ke
 2
(13)
Substituting (8a) gives the equilibrium value
e
jSjk
 
1
¼ ﬃﬃﬃﬃﬃﬃﬃﬃ2Clp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
Ce1  1
Ce2  1
r
(14)
Then the growth exponent in (10) is
k ¼ Ce2  Ce1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðCe1  1ÞðCe2  1Þp
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2CljSj2
q
(15)
Once the scalar eddy viscosity assumption is adopted, this solu-
tion is unaltered by rotation. In parallel shear flow 2jSj2 ¼ j@yUj2.
The solution on the second branch (8b) has the power law
form [3]
branch 2 : k ¼ A1tm; e ¼ B1tm1 (16)
Thus e=k / 1=t! 0 as t!1. Substituting these into the k and
e-equations (5) gives
m ¼ P=e 1ðCe2  1Þ  P=eðCe1  1Þ (17)
If P < e the exponent m is negative and turbulent energy decays;
that is dtk < 0 in (5). There is a range 1 < P=e <
ðCe2  1Þ=ðCe1  1Þ where m is positive. For the standard values
Ce2 ¼ 1:92 and Ce1 ¼ 1:44 this range is 1 < P=e < 2:1. In that
range k grows algebraically. When P < e, k decays algebraically.
Stabilization when Ro>Ros1 means that P=e is reduced below
unity. How can this occur within a scalar, eddy viscosity assump-
tion? Can rotation stabilize the solution? The answer is obvious:
rotation does not appear in the equations of the k-e model; so, no.
The equilibrium solution to many Reynolds stress transport mod-
els can be stated in the form but Cl is replaced by a function that
depends on XF [3,16]. That function is such that the right side of
(14) becomes zero at two values of Ro: for the IP model they are
 0.750 and 0.178; for the SSG [17] model they are  1.05 and
0.159. (The SSG model was designed to make these close to  1
and 0). Outside the interval between the zeros, e=k is would be
imaginary on branch 1; thus, the real solution moves to branch 2.
The term bifurcation is used to describe this behavior.
The mathematics of Reynolds stress models is complex [3], but
quite attractive: the transition from the healthy to the decaying
solution branch captures the phenomenology. The physics derive
from suppression of individual components of Reynolds stress by
rotation. Either full Reynolds stress transport models, or algebraic
tensor models retain those effects [16]. However, a less physical,
pragmatic approach also can be discussed within the framework
of the equilibrium analysis.
4 Modified Coefficients
It has been proposed in the literature, as an operational device,
that the coefficients of the k  e (or k  x) model be given a para-
metric dependence on the rotation number
Ro  2XF=@yU (18)
so as to cause stabilization. An ad hoc approach would be to make
them functions of rates of rotation and strain, such that the growth
rate (10) becomes negative in stable regions. According to (8a)
P=e ¼ 1 if Ce2 ¼ Ce1. Either Ce2, Ce1 or both could vary to reduce
P=e below unity. Then the growth rate, k in (10), would become
negative. Various proposals for adapting Ce2 to this end will be
reviewed.
The Bradshaw [18] parameter
Br ¼ RoðRoþ 1Þ (19)
arose in the stability analysis [Eq. (3)]. Br < 0 is the unstable
range. Note that Br is symmetric about Ro ¼ 1=2 and has the
minimum value of 1=4. Although that symmetry is not exactly
respected by turbulence dynamics—see Fig. 1—Br has been used
for parametric modeling. An empirical definition
Br ¼ ðRo Ro1ÞðRo Ro2Þ
might be better suited to the data. Second moment closure models
give stabilization points of about Ro1  0:18 and Ro2  1:07:
then Br ¼ 0:19 when Ro¼ 0 and Br ¼ 0:083 when Ro ¼ 1,
consistent with the latter having a lower growth rate than the for-
mer. Br is minimum at Ro ¼ ðRo1 þ Ro2Þ=2.
Rather than accepting the linear result of Ro > 0 for stability, a
critical value, Brcrit, above which rotation suppresses turbulence
can be postulated. An early proposal to model rotational stabiliza-
tion was [2]
Ce2 ¼ C0e2ð1 CscBrÞ (20)
Then by (8a) P=e becomes unity at the critical value found from
Ce1 ¼ Ce2 ¼ C0e2ð1 CscBrcritÞ
or
Brcrit ¼ C
0
e2  Ce1
C0e2CSC
For the standard k-e constants (C0e2 ¼ 1:92 and Ce1 ¼ 1:44, so that
C0e2 ¼ ð4=3ÞCe1) this is 1=4Csc. With Csc ¼ 2:5 the critical Brad-
shaw number becomes 0.1. With that value, the exponent k
becomes negative when Br > 0:1; or equivalently, when R > 0:09
or R < 1:1.
A similarly simple proposal was made by [19] for the kx-
model: Cx2 ¼ C0x2=ð1þ CscBrÞ. Translated into k  e (that is,
Ce2 ¼ 1þ Cx2) it is
Ce2 ¼ C
0
e2 þ CSCBr
1þ CSCBr (21)
This gives
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Brcrit ¼ C
0
e2  Ce1
Ce1  1ð ÞCSC ¼
12
11CSC
With the recommended value Ccs ¼ 3:6 this becomes Brcrit ¼ 0:30,
corresponding to Ro ¼ 1:24 and 0.24. Note that the minimum
value Br ¼ 1=4 gives a finite, although quite large, value of 10.2
for Ce2. Figure 4 illustrates the behavior of this model. k is normal-
ized by its initial value, time is normalized by jSj, and e is initialized
to the equilibrium value (14). k grows far too fast when Br ¼ 0:25.
This model is illustrated for rotating channel flow in Fig. 5; in this
case, it shows too little sensitivity to rotation.
The curves in Fig. 4 are just exponentials, with k given by (15).
For an arbitrary initial condition there will be a transient, evolving
asymptotically to exponential growth or decay. One must be care-
ful to distinguish the rotation model from the influence of initial
conditions; for example, if e initially is small, a solution with
Ro ¼ 0:5 might first grow, and then decay. Model development is
guided by the equilibrium solution, which is approached after ini-
tial transients.
The definition (18) of Ro becomes infinite where the shear
vanishes, such as in the center of channel flow. Hence, some pro-
posals are parameterized by
Br  ðjSjk=eÞ2
However, this can lead to spurious behavior [20]. As an example,
consider
Ce2 ¼ C0e2ð1 CscBrðjSjk=eÞ2Þ (22)
with Csc ¼ 0:4, which [20] calls the HPB model [21]. Invoking
the equilibrium solution (14) and solving for Ce2 gives
Ce2 ¼ C
0
e2 þ ABr
1þ ABr ; A ¼
CSCC
0
e2
2Cl Ce1  1ð Þ
With the standard constants, A ¼ 9:7. Equating this formula to
Ce1 gives the critical value
Brcrit ¼ C
0
e2  Ce1
A Ce1  1ð Þ ¼ 0:026
The HPB model behaves well near the critical Bradshaw number,
but if Ce2 < 1 the solution (14) is imaginary. In fact Ce2 becomes
negative for
Br < 1=A ¼ 0:103
Since the minimum value of Br is  0.25, there is a range of
rotation rates where the model is ill posed. The form Ce2 ¼
C0e2=ð1þ CscBrðjSjk=eÞ2Þ would avoid the singularity.
Cazalbou [20] proposed a functional dependence that is not ill
posed. It is somewhat involved and the reader is referred to the
original paper for details.
Another idea would be to make Ce2 increase with rotation, con-
sistent with observations of the decay exponent for grid turbulence
[23]. The coefficient Ce2 is related to the decay exponent in grid
turbulence, k  tn, by Ce2 ¼ 1þ 1=n. The non-rotating value is
n  1:2. Under strong rotation n decreases, approaching 0.6 [24].
Since that is opposite to the change needed to stabilize the turbu-
lence, stabilization could be introduced by making Ce1 a function
of Br. To date this has not been pursued.
In the context of a one-equation, eddy viscosity transport
model, Spalart and Shur [25,26] defined a parameter that is equiv-
alent to the inner product of vorticity and the rotation vector:
x  xF—actually, they introduced an important generalization of
frame rotation that will be described below. They added an ad hoc
function into an eddy viscosity transport equation in order to
enhance or reduce production, depending on the sign of this inner
product. In homogeneous turbulence the transport equation con-
tains only a production term, so this approach is inescapable. It,
too, is like altering the growth exponent k.
4.1 Invariant Form of Rotation Parameter. The definition
(2) of the rotation parameter is only suited to parallel flow, rotat-
ing about an axis perpendicular to the plane of the flow. That is
not sufficiently general for use in CFD. The rotation parameter
must be defined in terms of invariants of the velocity gradient.
Fig. 5 Mean velocity in channel with bulk rotation numbers Rob ¼ 2XF =Ub ¼ 0:2 and 0.5. Symbols are DNS data of Ref. [5];
models are from Refs. [19] and [22]
Fig. 4 Turbulent kinetic energy in rotating homogeneous shear
by 2-equation model with (21)
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The rate of strain and rate of rotation are
Sij  1
2
@jUi þ @iUj
	 

XAij 
1
2
@iUj  @jUi
	 
 (23)
The superscript on XA indicates that this is the absolute rotation,
relative to an inertial frame. Relative to a frame rotating with
angular velocity vector xFi
XAij ¼
1
2
ð@iUrelj  @jUreli Þ þ eijkxFk  Xrelij þ XFij (24)
Define the magnitudes
jSj2 ¼ SijSij ¼ traceðS2Þ and jXj2 ¼ XijXij ¼ traceðX2Þ
(Beware that some references add a factor of 2 on the right side
and note that the trace of the square of an anti-symmetric tensor is
negative.) Khodak and Hirsh [27] suggest replacing frame rotation
by jXAj  jSj. The Bradshaw number (19) is redefined by the
invariant form
Br ¼ jX
AjðjXAj  jSjÞ
jSj2 (25)
In parallel shear flow jXAj ¼ jXF  ð1=2Þ@yUj and
jSj2 ¼ ð1=2Þj@yUj2. Then this definition becomes
Br ¼ jRoþ 1jðjRoþ 1j  1Þ
and for jRoj  1 it is the same as definition (19).
4.2 Bifurcation. If one interprets the modified coefficient
approach of Sec. 4 in physical terms, the mechanism is that rotation
increases the dissipation rate until P < e. That is the consequence
of decreasing Ce2. But it is not correct: the actual physical mecha-
nism is that centrifugal stabilization suppresses the production of
turbulence. Indeed, that is how the inviscid stability analysis [Eq.
(3)] describes it—and how the Reynolds stress transport equations
describe it as well. Generally Ce2 retains a constant value.
To repeat another criticism of the models described in the pre-
vious section: full second moment models are not parameterized
by Br. Figure 1 illustrates this. Ro¼ 0 and Ro ¼ 1 both give
Br¼ 0, but the evolution of k differs. The stable cases, Ro ¼ 0:5
and Ro ¼ 1:5, both have Br ¼ 0:75 and evolve somewhat
similarly.
To this point we have not made use of the branch 2 solution
(8b). Equilibrium analysis of second moment closure models
shows how branch 1 [Eq. (8)] ceases to exist when the rotation
rate is above one limit, or below another—corresponding approxi-
mately to Ro > 0 or Ro < 1. In those ranges the equilibrium
shifts to the branch 2 solution. The term bifurcation refers to this
behavior. How can this be utilized in scalar models?
It can be introduced into two-equation models by making Cl
depend on the rate of strain and rate of rotation [22,28,29]. In
particular let
Sij  1
2
@jUi þ @iUj
	 

X	ij ¼ Xrelij þ CreijkxFk ¼ Xrelij þ CrXFij
(26)
where Cr is a model constant, and define
g1 ¼ SijSij k=eð Þ2¼ Sk=ej j2
g2 ¼ X	ijX	ij k=eð Þ2¼ X	k=ej j2
(27)
The eddy viscosity formula (13) is
P
e
¼ 2Clg1 (28)
Let Cl ¼ Flðg1; g2=g1Þ. The argument g2=g1 is a generalization
of the rotation parameter. Then on branch 1
Ce2  1
Ce1  1 ¼ 2g1Fl (29)
The left side is a constant, so this defines a curve g1 ¼ fcnðg2=g1Þ.
Examples are shown in Fig. 6: the vertical axis is 1=
ﬃﬃﬃﬃﬃ
g1
p
.
In rotating parallel shear flow g2=g1 becomes ð1þ CrRoÞ2. A
suitable constant is Cr ¼ 2:25 [22]. In Fig. 6 the horizontal axis is
1þ CrRo. The curves hit 1=g1 ¼ 0 for Ro  1:07 and
Ro  0:18. Beyond these values (29) would require g1 to be nega-
tive. That is impossible [by definition (27)] so branch 1 ceases to
exist. The equilibrium solution moves to branch 2, where
1=g1 ¼ 0. Then the formula (28) is used to find P=e by taking the
limit g1 !1:
P
e
¼ lim
g1!1
ð2Flg1Þ (30)
This is a constraint on the possible forms of Fl: the right side
must be a finite valued function of g2=g1 [30]. Another way to
describe this condition is that the model can bifurcate only if there
are Ro such that FlðRoÞ ¼ 0; these are the bifurcation points.
As an example let Fl have the form
Fl ¼ Cl
1þ g1A½1 Gðg2=g1Þ

(31)
in which A ¼ 2ClðCe1  1Þ=ðCe2  1Þ. Equation (29) gives
1
g1
¼ A
Cl
Fl ¼ A
1þ g1A½1 Gðg2=g1Þ

Solving this,
1
g1
¼ AGðg2=g1Þ
Thus G has the shape of the curves in Fig. 6. Branch 1 is the range
in which G > 0. The bifurcation points are the zeros of G. By def-
inition g1 > 0 so branch 1 disappears when G < 0.
The SSG bifurcation curve in Fig. 6 suggests a form
Fig. 6 Bifurcation diagram. Two examples: chaindash curve is
the SSG solution, solid is from Ref. [22]. < ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃg2=g1p
¼ 1þ CrRo. The vertical line at < ¼ 1 is the non-rotating case.
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G ¼ 1:85 ðg2=g1Þj1:45 0:6ðg2=g1Þj
(32)
For parallel shear flow g2=g1 ¼ ð1þ CrRoÞ2 and the bifurcation
points, g2=g1 ¼ 1:85, are at Ro ¼ ð61:36 1Þ=Cr . Using the
value Cr ¼ 2:25 gives Rob1 ¼ 0:16 and Rob2 ¼ 1:04.
In fact the formula (32) was constrained to reproduce these
bifurcation points. It also was constrained to become unity when
Ro¼ 0; that is, when g2 ¼ g1. This ensures that the model is
unchanged in non-rotating flow.
On branch 2 the decay exponent (17) is found after evaluating
(30):
P
e
¼ lim
g1!1
g1Cl
1þ g1Að1 GÞ
¼ Ce2  1ðCe1  1Þð1 GÞ
On this branch G < 0 and is a decreasing function of rotation.
Thus, P=e decreases, dropping below unity at some rotation rate;
for (32) P=e equals unity at g2=g1 ¼ 2:11 or Ro ¼ 0:20 and
Ro ¼ 1:09. After that turbulence decays. So bifurcation is not
synonymous with the onset of decay; rather it commences where
P ¼ e.
The illustrative formula (32) for G becomes infinite at
g2=g1 ¼ 1:45=0:6 but the denominator could be bounded from
below: maxð1:45 0:6g2=g1; dÞ. Limiters are not uncommon in
applied turbulence modeling. Applications of this method to the
v2-f and k-x models are presented in Refs. [22] and [28]; these
articles contain formulas alternative to (32). An example using the
formulation of Ref. [22] is included in Fig. 5.
5 Unification of Rotation and Streamline Curvature
Early ideas about incorporating streamline curvature were
based on exact metric terms in the Reynolds stress transport equa-
tions [1]. Metrics express curvature of the coordinate system, not
of the streamlines, but in thin, 2-D shear flows they can be nearly
the same. More generally, the tangent to the streamline is
t ¼ U=jUj and the curvature is jðt  rÞtj. However, streamlines
are not Galilean invariant; for that reason Girimaji [31] suggested
to replace U by DU=Dt, calling this the acceleration coordinate
system. However, Hellsten [32] showed that the curvature of the
acceleration system can grossly over estimate the correct, metric,
curvature. Such efforts to obtain a literal version of streamline
curvature have been supplanted by a method that unifies rotation
and curvature via the convective derivative of the rate of strain
tensor.
The rate of strain tensor can be expressed as
S ¼
X3
a¼1
kae
aea (33)
The e’s are unit eigenvectors and the k’s are eigenvalues. Unit
vectors can only change by rotating,
Dte
a ¼ XSabeb
In other words, the axes rotate at a rate
XSab ¼ Dtea  eb (34)
This is the most direct definition of XS. During a computation, the
eigenvectors of the rate of strain tensor must be evaluated at each
time step and at every grid point. Then their convective derivative
can be computed. The eigenvector evaluations can be computa-
tionally expensive.
Before proceeding to other methods of evaluating XS, where it
enters modeling should be mentioned. It is quite straightforward:
the models that were described in previous sections to represent
frame rotation are revised by replacing XF in definitions (26) and
(24) by XS. Thereby they are made sensitive to curvature by
invoking the analogy between curvature and rotation [18]. [If XS
were evaluated relative to a rotating frame, xF would be added on
the right side (34)].
Spalart and Shur [25] propose, on the grounds of computational
efficiency, to replace the eigenvectors on the right side of Eq. (34)
by the full rate of strain tensor. First, instead of Dte
a, consider the
convective derivative of the rate of strain tensor (33):
DtS ¼ eaeaDtka þ ka eaDtea þ Dteað Þea½ 

¼ eaeaDtka þ kaeaebXSab þ XSabebeaka
¼ Diagþ kaeaeað Þ  eaebXSab
 
 XSbaebea
 
 kaeaeað Þ
¼ Diagþ S XS XS  S (35)
(with implied summation over a and b) in which Diag is a sym-
metric tensor. Next construct an analogy to (34). DtS is symmet-
ric, but an anti-symmetric tensor can be created as
W  S  DtS DtS  S
2jSj2 (36)
This uses the property that the product of symmetric tensors is not
necessarily symmetric, and extracts its anti-symmetric part. We
will callW the Spalart-Shur tensor.
In two-dimensions (36) can be written in terms of the compo-
nents of the rate of strain tensor as
W ¼ S11DtS21  S12DtS11
2ðS211 þ S212Þ
0 1
1 0
 
(37)
As an example, a steady, pure strain in a rotating frame has the
form
S ¼ r cos
2 Xt sin2 Xt 2 cosXt sinXt
2 cosXt sinXt sin2 Xt cos2 Xt
 !
The reader can verify thatW is the rotation matrix Xeij3.
Upon substituting the last line of (35) into (36) the relation
W ¼ S
2 XS þXS  S2  2S XS  S
2jSj2 (38)
between the Spalart-Shur tensor, W, and the rotation of the rate-
of-strain axes is found. Assume incompressibility, or that S is
trace free. In two dimensional flow S ¼ kDiag (1, 1,0) and (38)
becomes W ¼ XS so (37) provides the rate of rotation of the prin-
cipal axes in two-dimensional flow, which could as easily have
been found from (34).
For the general, three-dimensional case, the matrix Eq. (38) is a
system of 3 equations for XS12, X
S
13 and X
S
23 given W12, W13 and
W23. Wallin and Johansson [33] note that if rotation vectors are
introduced via wi ¼ ð1=2ÞeijkWjk and XSij ¼ eijkxSk , then the set of
three equations becomes
wi ¼ xSi 
3S2ij
2jSj2 x
S
j (39)
In two dimensions S2=jSj2 equals ð1=2Þdiagð1; 1; 0Þ and
xS ¼ ð0; 0;xS3Þ so, again, w ¼ xS. The matrix on the right of (39)
can be inverted via the Cayley-Hamilton theorem [33], or solved
numerically as a set of three simultaneous equations.
Reverting to matrix form (39) becomes
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W ¼ XS  3
2
XS  S
2 XS þXS  S2
jSj2
 !
(40)
Any one of (38), (39) or (40) can be solved for XS givenW.
The convective derivative DtS ¼ @tSþ U  rS involves the
third order tensor @i@jUk. Alternatively, a Lagrangian derivative
DtS  ½SðX; tþ DtÞ  Sðx; tÞ
Dt (41)
along the trajectory dtX ¼ UðX; tÞ starting at a computational
node XðtÞ ¼ x and proceeding over one time-step, could be used.
The rate of strain is interpolated from computational nodes to the
endpoint X.W can be evaluated by a centered formula as
W ¼ SðxÞ  SðXÞSðXÞ SðxÞðjSðXÞ2þjSðxÞj2ÞDt (42)
In a steady flow, Dt is arbitrary and could be selected so that the
endpoint is on a cell boundary.
To show that W unifies system rotation and streamline curva-
ture, consider the plane swirling flow UhðrÞ. The angular velocity
along curved streamlines is Uh=r. The rate of strain tensor has the
form
S ¼ S12ðrÞ½e1e2 þ e2e1

where e1 ¼ ðcos h; sin hÞ and e2 ¼ ð sin h; cos hÞ. Then with
DtS ¼ Uh
r
@hS ¼ 2Uh
r
S12½e2e2  e1e1

and after calculating that jSj2 ¼ 2S212, one finds
W ¼ Uh
r
e1e2  e2e1½ 

This has the form of a rotation tensor, with angular velocity Uh=r.
Thus, defining W in terms of the convective derivative unifies
rotation and streamline curvature. It is a fortiori Galilean invari-
ant, too.
Figure 7 is an example of the streamline curvature correction.
The geometry is a U-shaped channel [see 32]. y=H ¼ 1 is the
outer, concave wall, next to which streamline curvature is destabl-
izing. y=H ¼ 0 is the inner, convex wall, which is stabilized by
curvature. The profiles are at the middle of the U-bend, or 90 deg
around the curve. The computations are with the SST version of
k-x, with and without Hellsten’s curvature correction (21).
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